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Abstract 

The  PWM  DC-DC  converter  in  continuous  conduction  mode  under  hysteretic  control  is 
modeled  and  analyzed  using  the  sampled-data  approach.  This  work  complements  other  recent 
work  of  the  authors  on  sampled-data  modeling  and  analysis  of  PWM  converters,  where  the  focus 
was  on  fixed  switching  frequency  operation.  Nonlinear  and  linearized  sampled-data  models,  and 
the  control-to-output  transfer  function  are  derived.  The  analysis  is  exact  if  the  source  and 
reference  signals  are  constant  (or  constant  within  each  cycle). 


1  Introduction 

The  PWM  DC-DC  converter  in  continuous  conduction  mode  under  hysteretic  control  is  modeled 
and  analyzed  using  the  sampled-data  approach.  This  work  complements  other  recent  work  of  the 
authors  on  sampled-data  modeling  and  analysis  of  PWM  converters  [1,  2],  where  the  focus  was  on 
fixed  switching  frequency  operation.  Since  the  switching  frequency  is  variable  in  hysteretic  control, 
there  are  steps  in  the  modeling  process  which  differ  from  the  corresponding  steps  in  the  modeling 
of  fixed  switching  frequency  operation.  In  the  sampled-data  approach,  the  analysis  is  exact  if  the 
source  and  reference  signals  are  constant  (or  constant  within  each  cycle).  Besides  being  accurate, 
the  approach  presented  here  is  systematic  and  can  be  applied  to  other  types  of  variable  frequency 
control  (e.g.  constant-on-time,  constant-off-time,  etc.). 

Previous  works  [3,  4,  5]  on  modeling  and  analysis  of  PWM  DC-DC  converters  under  hysteretic 
control  are  generally  based  on  the  averaging  method.  The  advantage  of  the  sampled-data  approach 
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is  that  it  is  more  accurate,  in  that  it  involves  detailed  modeling  of  behavior  between  switching 
instants. 

The  organization  of  the  paper  is  as  follows.  In  Sec.  2,  a  general  block  diagram  model  for  a 
PWM  converter  under  hysteretic  control  is  proposed.  In  Sec.  3,  a  nonlinear  sampled-data  model  is 
derived.  Linearized  sampled-data  dynamics  near  a  fixed  point  is  derived  in  Sec.  4.  In  Sec.  5,  the 
control-to-output  transfer  function,  the  audio-susceptibility,  and  the  output  impedance  are  derived. 
In  Sec.  6,  an  illustrative  example  is  given.  Conclusions  are  given  in  Sec.  7. 

2  Block  Diagram  Model 

A  general  block  diagram  model  of  a  PWM  converter  in  continuous  conduction  mode  (CCM)  under 
hysteretic  control  is  given  in  Fig.  1,  where  the  functioning  of  switching  decision  box  is  shown  in 
Fig.  2.  In  the  diagram,  A\,A2  €  RNxN,  B\,  B-2  G  RiVxl,  and  C,  Ei ,  E2  G  RlxiV  are  constant 
matrices,  x  G  R,v,  y  G  R  are  the  state  and  the  feedback  signal,  respectively.  The  source  voltage  is 
vs;  the  output  voltage  is  vQ.  The  notation  vr  denotes  the  reference  signal,  which  could  be  a  voltage 
or  current  reference.  The  signal  vr  can  also  be  used  as  a  control  variable.  In  this  case,  Fig.  1  can 
be  viewed  as  a  power  stage. 


Figure  1:  A  general  model  for  PWM  converters  in  CCM  under  hysteretic  control 
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Figure  2:  The  switching  decision  box  in  Fig.  1 


The  hysteretic  control  operation  is  as  follows:  When  y  <  vr,  the  controlled  switch  is  turned 
on.  The  switch  is  turned  off  when  y  =  vr  (the  reference  value),  and  it  is  turned  on  again  when 
y  =  vr  —  AV  (where  AV  is  a  given  constant).  Thus  the  duration  of  an  on-off  cycle  is  variable. 

3  Nonlinear  Sampled-Data  Model 

Consider  the  dynamics  of  the  PWM  converter  of  Fig.  1  within  the  n-th  cycle.  Let  the  duration  of 
the  n-th  cycle  be  Tn,  and  let  the  time  at  the  beginning  of  the  n-th  cycle  be  tn  =  Generally 

in  the  PWM  converter,  the  switching  frequency  is  sufficiently  high  that  the  variations  in  vs  and 
vr  in  a  cycle  can  be  neglected.  Thus,  take  vs  and  vr  to  be  constant  within  the  cycle,  with  values 
denoted  by  vsn  and  vrn,  respectively.  Denote  by  tn  +  dn  the  switching  instant  within  the  cycle  when 


the  switch  is  turned  off.  It  follows  that 

'!j(tn  T  dn)  —  Cx(tn  +  dn )  —  vrn  (1) 

y(tn  +  Tn)  =  Cxn+ 1  =  Vrn  -  AD  (2) 

and  the  dynamics  within  the  two  stages  S±  and  S2  are  given  by 

*51  :  {  X  _  +  BlVs  for  t  e  [tn,  tn  +  dn)  (3) 

S2  ■  |  ^  =  +  B2VS  for  t  €  [tn  +  dn,tn  +  Tn)  (4) 


To  develop  a  sampled-data  model  from  the  description  above,  sample  the  state  x  at  times  tn, 
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noting  from  the  definition  of  tn  that  tn+ 1  =  tn  +  Tn.  Figure  3  illustrates  the  mapping  taking  xn, 
the  state  at  time  tn ,  to  xn+\  =  x(tn+ 1)  =  x(tn  +  Tn). 


constraint  constraint 

y(tn  +dn)=vrn  y(tn+Tn)=Vrn-  AY 


plane 

Figure  3:  Illustration  of  sampled-data  dynamics  of  PWM  converter  in  CCM  with  hysteretic  control 


The  role  of  Eqs.  (1)  and  (2)  require  some  explanation.  Eq.  (1)  defines  the  time  interval  dn 
after  the  start  of  a  cycle  at  which  switching  from  stage  Si  to  stage  S2  occurs.  Since  the  state 
is  sampled  at  times  tn  and  not  at  intermediate  switching  times  tn  +  dn,  this  equation  does  not 
constrain  the  state.  On  the  other  hand,  Eq.  (2)  both  defines  a  switching  time  (namely  Tn)  and 
imposes  a  constraint  on  the  state. 

From  Eqs.  (l)-(4),  the  PWM  converter  in  CCM  under  hysteretic  control  has  the  following 
sampled-data  dynamics  (here  r„  :=  ( dn,Tn )'): 


%n+ 1  —  /(^nTsnTn) 


—  g-^4.2  (Tn  d-a)  dn  £  _|_ 


eAl<7 daBivsn)  + 


eA2adaB2vsn 


(5) 


v0  =  Exn 


(6) 


with  the  constraint  equation 


g(Xm  Vsn:  Tn ,  Vrn ) 

y(tn  T  din )  Vm 

y(tn  +  Tn )  —  vrn  +  AV 
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C(eAldnxn  +  Jqu  eAia doBiVsn)  -  vrn 

C(eA2(Tn-dn)(eAldnXn  +  fdn  eAl<TdaBlVsn)  +  fTn-dn  _  y^  +  AG 


=  0  (7) 

(As  in  [1,  2],  E  is  used  to  denote  E±,  E2,  or  (E\-\- E2) /2  depending  on  which  value  of  output  voltage 
is  of  interest:  E\  is  used  if  the  output  voltage  is  sampled  at  the  start  of  the  cycle;  E^  if  the  output 
voltage  is  sampled  at  the  end  of  the  preceding  cycle;  and  {E\  +  E2)/2  if  the  average  of  these  two 
is  used.) 

Since  Eq.  (2)  places  a  constraint  on  the  state,  the  dynamics  is  actually  (N  —  1  (-dimensional 
rather  than  iV-dimensional. 

The  fixed  point  (xn,vsn,Tn,vrn)  =  (x°(0),  Vs,  (d,  T)' ,  Vr)  satisfies 


*°(0)  =  f(x°(0),Vs,(d,T)') 

(8) 

g(x°(0),Vs,(d,T)',Vr )  =  0 

(9) 

Given  the  values  of  Vs  and  Vr,  these  N  +  2  nonlinear  equations  in  N  +  2  unknowns  (x°(0),  d  and 
T )  can  be  solved  by  Newton’s  method. 


4  Linearized  Sampled-Data  Dynamics 


Linearizing  the  dynamics  (5)-(7)  at  the  fixed  point  (x°(0),  Vs,  (d,  T)' ,  Vr)  and  using  o  to  denote 
evaluation  at  that  point,  it  follows  that 


®ra+ 1  ~  hXn  T  I ' hi^'sn  T  T/)rUrn 
V071  —  Exn 


(10) 


where 


df_ 

dxn 


df  dg  !  dg 
dTti  0rn  dxn 


o 


r 


hv 


df 

dvsn 


df  ,  dg  ! 
drn  drn 


dg 

dvsn 


o 


r 


hr 


df  dg  !  dg 
drn  dTn  dvrn 


o 


(11) 

(12) 

(13) 
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(14) 


df 


dxn 

df_ 

drn 


dg 

drn 


eA2{T-d)e, Aid 


eM(T-d)^Ai  _  A^x +  (fil  _  £2))  yl2x0(T)  +  S2Fs 


eJ42(T  d)(j. )  —  x°(d+))  X°(T  ) 

Ci°(d-)  0 

CeA2(T-d)(± 0(d-)  _  £0(d+))  Cx°(T~ 


dg 


dxn 

df 


dvsn 

dg 


dvsrl 

df 


8vr 


C 

CeA2(T-d) 


gA2(T-d)  faeAi,daBi+  fT  d  eA2odaB2 

Jo  Jo 

CfdeA^daB1 

c^eA2{T-d)  jdeAiadaBl  +  jT-deA2vdaB2) 


=  0 


(15) 

(16) 

(17) 

(18) 

(19) 

(20) 
(21) 


dg 

’  -l " 

dVrn 

o 

-l 

(22) 


Although  as  noted  above  the  dynamics  are  reality  (TV  —  1  (-dimensional,  Eq.  (10)  is  an  N- 
dimensional  model.  Thus  there  is  an  eigenvalue  of  Tfr  at  0,  implying  det[$^J  =  0.  For  completeness, 
an  analytical  proof  of  this  fact  is  given: 


det[$fc]  =  det [eA^T~d\l-\  x0{d~)-x°{d+)  x°(d+)  ]  {jf-) 

UTr. 


dg  x-i 


c 

CeA2(T-d) 


=  det[eAldeA^T~d)]det[I 


x°(d  )  —  x°(d+)  x°(d+) 


UTn 


CeA2{T-d )  } 
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=  det[eAlV2(T_d)]det  [I 


C 

CeA*T-d> 


x°(d  )  —  x°(d+)  x°(d+) 


Cx°(T~)  0 

CeAAT~d\x°(d+)  —  x°(d~))  Cx°(d~) 

Cx°(d-)Cx°(T -) 


=  det[eAldeA2{T~d)]det[ 


Cx°  (d+ )  Ce a2  (t- d)  x°  (d~ ) 
Cxu(d~)Cxu(T-) 

0 


Cx°(d+)  ' 
Cxu(T-)  1 

0 


=  0 

The  system  in  Fig.  1  is  asymptotically  stable  if  all  of  the  eigenvalues  of  are  inside  the  unit 
circle  of  the  complex  plane.  The  transient  response  towards  the  periodic  orbit  x°(t)  is  determined 
by  the  magnitudes  of  the  eigenvalues. 


5  Control-to-Output  Transfer  Function,  Audio-Susceptibility  and 
Output  Impedance 

From  Eq.  (10),  the  control  (vr)  to  output  transfer  function  and  audio-susceptibility  are,  respectively, 


Toc(z) 

o  ?- 
<£>  <?> 

II 

=  E(zI-^h)-1Thr 

(23) 

Tos(z) 

Vo(z) 

vs(z) 

=  E{zI-$h)-lThv 

(24) 

To  calculate  the  output  impedance,  add  a  fictitious  current  source  ia  (as  a  perturbation)  in 
parallel  with  the  load.  Then  the  dynamical  equations  describing  the  dynamics  within  each  stage 
Eqs.  (3)  and  (4)  are  replaced  by 


S'i  :  x 

=  A\x  +  Bivs  +  Biii0 

(25) 

5*2  :  x 

=  A2x  +  B2vs  +  Bi2i0 

(26) 

Since  ia  is  used  as  perturbation,  the  nominal  value  of  iQ  is  0.  Similar  to  the  derivation  of 
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audio-susceptibility,  the  output  impedance  is 


Too(z)  =  =  E(zl  -  $a)_1Fm 

lo\Z) 

where 

r  =  df  df  dg  !  dg 

hl  dion  dr n  drn  dion  0 

=  eA2(T-d)  fdeA^d(TBil+  fT  deA^daBi2 
Olon  o  JO  Jo 

dg  =  [  C  Jd  eAl<Tda Bti 

dion  O  [  C{eA^T~d^  /<?  eAl<TdaBn  +  f^d  eA^daBi2) 

and  o  denotes  the  evaluation  at  ( xn ,  vsn,  rn,  vrn,  ion)  =  (x°(0),  Vs,  (d,  T)' ,  Vr,  0). 


(27) 

(28) 

(29) 

(30) 


6  Illustrative  Example 

The  results  of  the  paper  are  now  applied  to  the  boost  converter  under  hysteretic  control  studied  in 
[5].  The  system  diagram  is  shown  in  Fig.  4,  where  R  =  1012,  L  =  290 gH,  C  =  760 [iF,  Vs  =  10V, 
Vr  =  4A  (current  reference)  and  AV  =  0.1  A 

Let  the  system  state  be  x  =  ( il,vc )•  The  matrices  in  the  block  diagram  model  of  Fig.  1  are 


C  =  \  1  0  ’ 

E\  =  E2  =01 


The  fixed  point  is  calculated  as  (a?°(0),  Vs,  (dn,  Tn)',  Vr)  =  ((3.9000;  19.8784)',  10,  (2. 9x  10  6,5.8368x 
10~6)',  4). 

Because  of  the  simplicity  of  the  on  stage  in  the  boost  converter,  the  constraint  equation  (7)  can 
be  further  simplified  to 


g{Xn:  VSni  T~ni  Vrn) 

T  rAV_„  1 

L  dn  Vsn 

_  C{eA^-d^{eA^xn  +  Jdn  eA^d(jBxvsn)  +  J^~dn  eA^daB2vsn)  -  vrn  +  AV  _ 

=  0  (31) 

From  Eq.  (11),  it  follows  that 


=  eA2{T~d\l 


x°(d+)C  eA2  (T~d) 

CeAi(T~d)x0(d+) 


(32) 


Also, 


det[<f>h]  =  det[eAldeA^T~d)]{l 


(JeM(T  d)j,0^+^ 

CeA^T^x°(d+) 


Thus  one  pole  is  0  and  the  sampled-data  dynamics  is  1-dimensional.  The  other  pole  obtained 
directly  from  cr is  0.9985.  This  pole  can  also  be  analytically  approximated  (using  a  technique 
discussed  in  [6,  Chapter  6])  as 


(T-d)(R(yr-AV)-v°c(0)) 
RC(VS  -  v°c (0)) 


(33) 


Using  this  formula,  the  estimated  pole  is  0.9993,  which  is  very  close  to  the  exact  value  obtained 
directly  from  a [$h]-  The  magnitude  of  this  eigenvalue  is  very  close  to  1,  indicating  a  slow  transient 
to  the  periodic  orbit.  This  does  not  contradict  the  fact,  observed  in  [5],  that  the  inductor  current 
is  quickly  captured  in  the  range  between  3.9A  and  4 A. 

The  control  (yr)  to  output  transfer  function  E(zl  —  4>h)_1  Fhr  was  calculated  and  an  unstable 
zero  was  found  at  1.0537.  This  will  cause  an  undershoot  in  the  output  voltage  for  a  step  change  in 
vr.  The  associated  frequency  response  is  shown  in  Fig.  5.  These  results  agree  very  well  with  [5]. 
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Figure  4:  System  diagram  for  a  boost  converter  under  hysteretic  control 


Figure  5:  Control-to-output  frequency  response 
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7  Concluding  Remarks 


Sampled-data  models  and  associated  analysis  have  been  developed  for  the  PWM  DC-DC  converter 
in  continuous  conduction  mode  under  hysteretic  control.  The  main  distinguishing  feature  of  this 
work  in  comparison  with  the  authors’  papers  [1,  2]  is  the  presence  of  a  variable  switching  fre¬ 
quency.  Nonlinear  and  linearized  sampled-data  models,  the  control-to-output  transfer  function, 
audio-susceptibility,  and  output  impedance  have  been  derived.  The  sampled-data  approach  em¬ 
ployed  is  systematic  and  can  be  used  under  general  conditions.  The  analysis  is  exact  if  the  source 
and  reference  voltage  signals  are  constant  (or  constant  within  each  cycle).  The  approach  can  also 
be  applied  to  other  types  of  variable  frequency  control. 
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